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We studied the atomic momentum distribution for a superposition of Bloch states spreading in
the lowest band of an optical lattice after the action of the standing wave pulse. By designing
the imposing pulse on this superposed state, an atomic momentum pattern appears with narrower
interval between the adjacent peaks that can be far less than the double recoil momentum. The
patterns with narrower interval come from the superposition of the action of the designed pulse on
many Bloch states with quasi-momenta over the first Brillouin zone, where for each quasi-momentum
there is an interference among several lowest bands. Our experimental result of narrow interval
peaks is consistent with the theoretical simulation. The patterns of multi modes with different
quasi-momenta are helpful for precise measurement and atomic manipulation.
PACS numbers: 32.80.Qk,37.10.Jk,02.30.Yy,03.75.-b
I. INTRODUCTION
Ultracold atomic gases or Bose-Einstein condensates
(BECs) in the optical lattice (OL) provide a unique
opportunity for quantum simulation of many-body sys-
tems and realization of quantum computation and high-
precision atomic clock [1–9]. By now, most of these stud-
ies focus on the Bloch state with a certain single quasi-
momentum, where the atomic momentum distribution is
characterized by interference peaks with interval 2~kL
which is the double recoil momentum of the atoms in
an OL, with kL the wave vector of the laser forming the
OL. However, the atomic momentum distribution for a
superposed state with quasi-momenta spreading in the
first Brillouin zone (FBZ) of an OL is seldom studied.
The difficulties to study this superposed state lie in
preparation of this state. In this paper we first load
the atoms in the superposed Bloch state of S and D
bands with zero quasi-momentum by nonadiabatic short-
cut method within tens of microseconds. Then the BECs
are maintained in the OL and a harmonic trap for as
long as 30ms. Because of the collisions between atoms,
the atoms in D-band transfer to S-band gradually, and
in S-band there appears the superposed state of Bloch
states with quasi-momenta varying from −~kL to ~kL in
the FBZ.
After we experimentally prepare the initial state in
which the momentum distribution is a Gaussian-like
shape, we demonstrate the different patterns with the
narrower interval by manipulation of the OL standing
wave pulse. These peaks with interval less than the
double recoil momentum come from the superposition
of states with different quasi-momenta, which is useful
for measurement with much higher contrast such as the
atom interferometer [10].
This paper is organized as follows. In Sec. II, we
∗Electronic address: xjzhou@pku.edu.cn
give the method for preparing the superposition of Bloch
states in S-band with quasi-momenta spreading in the
FBZ. In Sec. III, a single Bloch state is compared with
the superposed state of many Bloch states, and theory
for the manipulation of the superposed state is provided.
In Sec. IV, we demonstrate the experimental and theo-
retical results of the momentum patterns with narrower
interval. In Sec. V, we show the method for further in-
creasing contrast of the patterns and conclude the paper.
II. PREPARATION OF THE INITIAL STATE
WITH SUPERPOSITION OF BLOCH STATES OF
DIFFERENT QUASI-MOMENTA
There are adiabatic [11] and nonadiabatic [12, 13]
methods to load BECs into an OL as the Bloch state with
a single quasi-momentum. To get the initial superposed
state, we prepare BECs of 87Rb in a hybrid trap which is
formed by the overlap of a single-beam optical dipole trap
with the wave length 1064nm and a quadruple magnetic
trap. The condensate of about 1.5× 105 atoms with the
temperature 100nK is achieved with the harmonic trap-
ping frequencies (ωx, ωy, ωz) = 2pi×(28Hz, 55Hz, 65Hz),
respectively. Then using shortcut control method [13]
we load the BECs into the state (|S〉+ |D〉) /√2 with the
quasi-momentum being zero, after evolution in two pulses
consisting of OL pulses and intervals (t1, tf1, t2, tf2), as
shown in Fig. 1(a). The lattice is produced by a stand-
ing wave created by two counter-propagating laser beams
with lattice constant a = pi/kL = 426nm along x axis.
We numerically calculate the pulses by modulating the
parameters about the duration tj and the interval tfj
for the jth pulse. This loading process has above 99% fi-
delity [14] with (t1, tf1, t2, tf2) = (20.7, 25.6, 30.2, 26.7)µs
for the OL depth V0 being 10Er. Then we maintain BECs
in the OL and the harmonic trap for as long as 30ms.
Because of the collisions between atoms, the atoms in D-
band transfer to S-band gradually, and in S-band there
appear atoms with quasi-momenta spreading in FBZ. It
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FIG. 1: (a) The time sequences: after the first two pulses
and the 30ms holding time in the OL and the harmonic trap,
the state becomes the superposition of the Bloch states in S-
band with quasi-momenta spreading in FBZ, and is denoted
by |ψ (0)〉. Then 1ms band mapping is added. (b) The com-
parison of the experimental results between with and without
(tOL = 0) the holding time.
is crucial to choose an appropriate holding time of the
OL, denoted as tOL. When the time is short, the momen-
tum components will oscillate versus the time [14, 15].
However, for too long holding time, the system would be
heating. By choosing tOL = 30ms, we obtain a super-
posed state of S-band Bloch states with quasi-momenta
varying from −~kL to ~kL.
After retaining the superposed state 1√
2
(|S〉+ |D〉) in
the OL and the harmonic trap for the time tOL, followed
by the 1ms band mapping [16–19] with the decay rate of
about 100µs as shown in Fig. 1(a), the absorption images
after 25ms time-of-flight (TOF) of BECs are given in
Fig. 1(b) for tOL = 0 and 30ms, which give the atomic
density distribution in different bands. It is clear that
for 30ms holding time the atoms are almost spreading in
the FBZ corresponding to the S-band, which is from the
collisions during the holding time.
III. THEORY FOR MANIPULATION OF THE
SUPERPOSED STATE
It is well known that the Bloch state has a periodi-
cal density distribution in coordinate space, and a dis-
crete momentum component with interval 2~kL. How-
ever, what happens for the superposition of many Bloch
states with different quasi-momenta? To find out the an-
swer, we study the superposition of Bloch wave functions
in S-band given by:
|ψ (0)〉 =
∑
q∈[−kL,kL)
√
f (q)∆q |n0, q〉. (1)
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FIG. 2: The schematic of the Bloch bands: (a) the Bloch
state in S-band with q = 0 is shown by the red dot; (b) the
superposition of Bloch states of S-band in FBZ is shown with
the black circles. (c) the wave functions modulus squared of
the superposed state (the black line) and the Bloch state with
q = 0 (the red line) in coordinate space are shown, where the
blue dashed line is the schematic of the OL. (d) the momen-
tum distributions of the two states.
~q is the quasi-momentum (~ is the Plank constant),
n0 = 1 corresponds to the S-band,
√
f (q)∆q is the pro-
portional coefficient of the Bloch state |n0, q〉, and sat-
isfies
∑
q∈[−kL,kL)
f (q)∆q=1, and ∆q is the difference be-
tween two adjacent quasi-momenta. By setting f (q) =
1/ (2kL) for convenience, we choose the initial state as:
|ψ (0)〉 = 1√
N
∑
q∈[−kL,kL)
|n0, q〉, (2)
with N the number of the quasi-momenta in the sum-
mation among the FBZ. The Bloch state with q = 0
is shown in Fig. 2(a) with the red dot and the super-
posed state |ψ (0)〉 is shown in Fig. 2(b) with black cir-
cles. Fig. 2(c) and (d) show the wave functions in coor-
dinate and momentum space with the OL depth 10Er,
respectively, where the black solid lines are the super-
posed state, and the red line (dots) corresponds to the
Bloch state with q = 0 as a contrast. The blue dashed
line is the schematic of the OL. As shown in Fig. 2(c)
and (d), the superposed state |ψ (0)〉 is a localized state
in coordinate space, and a quasi-continuous distribution
in momentum space when the number of quasi-momenta
in FBZ N tends to infinity.
Then we design the standing wave pulse imposing on
this superposed state which is similar to the Kapitza-
Dirac (KD) scattering of matter waves, which is a very
powerful and versatile tool for the coherent splitting and
mixing of momentum modes [20, 21], and has been stud-
ied widely both in theory [22–25] and in experiments [13–
15, 26–37]. For the Bloch state with a single quasi-
3momentum, the effect of a sequence of OL standing wave
pulses is superposition of different Bloch states with cer-
tain coefficients at the fixed quasi-momentum. There-
fore, the resulting state has the peaks with 2~kL interval
in momentum space just as the the red dots in Fig. 2(d).
However, it is entirely different for the superposed state
of Bloch states with different quasi-momenta in the FBZ.
We found that there appears an atomic momentum pat-
tern with narrower interval between the adjacent peaks
that can be chosen to be far less than the double recoil
momentum.
To understand the action of the pulses on |ψ (0)〉, we
start with the Hamiltonian:
Hˆ = − ~
2
2M
∂2
∂x2
+ V (t) cos2 (kLx) , (3)
where M is the atomic mass, V (t) = 0 for t 6 t11, and
V (t) = V0 for t11 < t 6 t11 + t12. Wave function after
the period of time t11 is given by:
|ψ (t11)〉 = 1√
N
∑
q,n1
b (q, n0, n1, t11) |n1, q〉, (4)
where
b =
∑
m1
cn0,q (m1) cn1,q (m1) e
−iE(m1,q)t11/~. (5)
The coefficient cn,q (m) comes from the Bloch state:
〈x |n, q〉 = eiqx
∑
m=0,±1,···
cn,q (m) e
i2mkLx, (6)
and the kinetic energy is given by
E (q,m1) =
~
2(2m1kL + q)
2
2M
. (7)
After one single pulse, it has the form:
|ψ (t11 + t12)〉 = (8)
1√
N
∑
q,m2
B (q, n0,m2, t11, t12) |~ (2m2kL + q)〉,
with |~ (2m2kL + q)〉 the plane wave state, and
B =
∑
n1
b (q, n0, n1, t11) e
−iEn1,qt12/~cn1,q (m2), (9)
En1,q is the eigen energy of the Bloch state with band n1
and quasi-momentum ~q. The momentum distribution
can be expanded as:
P (m2, q) = (10)
1
N
∑
m,m′,n,n′
C cos [Wmm′(q)t11 + ωnn′(q)t12],
where
C (m,m′, n, n′,m2, q) = (11)
c1,q (m) c1,q (m
′) cn,q (m) cn′,q (m′) cn,q (m2) cn′,q (m2) ,
Wmm′ = [E (m, q)− E (m′, q)] /~, and ωnn′ =
(En,q − En′,q) /~. m = 0,±1,±2, · · · corresponds to dif-
ferent reciprocal momentum (0,±2~kL,±4~kL, · · · ), and
n = 1, 2, 3, · · · represents S, P, and D-band, etc. With
definite evolution time t11 and t12, we can get figure of
the probability versus the momentum.
By calculating the coefficient C, we learn that for terms
with Wm,m′ωn,n′ 6= 0, the coefficient C is small enough,
so we neglect these terms. Besides, the probability of
momenta transformation between −2~kL and 2~kL is far
less than the probability between 2~kL (or −2~kL) and 0,
so we can ignore the terms including W−1,1 andW1,−1 in
the summation of Eq. (10). Similarly, for the initial state
beginning from S-band, the probability of transformation
between P-band and D-band is far less than the proba-
bility between S-band and P-band (or D-band), and thus
the terms with ω2,3 and ω3,2 can be neglected. Therefore,
the Eq. (10) can be approximated as:
P (0, q) ≈ C1 + C2 cos (W1,0t11) + C3 cos (W−1,0t11)
+C4 cos (ω12t12) + C5 cos (ω13t12) (12)
where the corresponding amplitudes Ci (q) > 0 (i =
1, 2, · · · , 5) which comes from the numerical calculations.
Therefore, at some given q, there will be peaks (valleys),
as long as W1,0t11, W−1,0t11, ω12t12 and ω13t12 are all
even (odd) times of pi, from which the time t11 and t12
can be defined. By taking peaks as an example, we have
W1,0t11 = 2l1pi, W−1,0t11 = 2l2pi, ω12t12 = 2l3pi and
ω13t12 = 2l4pi, so there are:
W1,0
W−1,0
=
1 + q
1− q =
l1
l2
, (13)
and
ω12
ω13
=
l3
l4
, (14)
with li (i = 1, 2, 3, 4) integers. For a tried quasi-
momentum q, when (1 + q)/(1 − q) or ω12/ω13 is irra-
tional number, it can’t be written as a fraction, and we
can only choose an approximate value of l1/l2 or l3/l4,
respectively. However, the numerical calculation can give
an accurate results.
From Eq. (10), it is clear that the probability P is
the combination of disparate oscillations with different
frequencies. The amplitudes and Wmm′ are all depen-
dent on the momenta, and ωnn′ depends on the quasi-
momentum. For different momenta, the probabilities
reach maximum at different time intervals. Therefore,
with some specific pulse, the probability distribution af-
ter the action of the pulse on the initial superposed state,
can exhibit several peaks in the momentum space. By
gradually increasing t11 and t12 from 0 to 100µs with a
time step 1µs, we can choose the appropriate t11 and t12,
so that the momentum distribution has high contrast be-
tween peaks and the next valleys. The following pulses
acting on the superposed state are all from the numerical
calculations.
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FIG. 3: The single pulse acted on the superposed state |ψ (0)〉
without (a1) and with (b1) the band mapping. (a2-a4) show
the momentum distributions at t = 0, t = t11 and t = t11+t12.
(b2-b4) show the results of the band mapping on the basis of
corresponding states in (a2-a4).
To visualize the evolution process, we give the momen-
tum distributions without (Fig. 3(a2-a4)) and with band
mapping (Fig. 3(b2-b4)). The time sequences are shown
in Fig. 3(a1) and (b1). The band mapping reflects the
population of the atoms in different bands. Fig. 3(a2) and
(b2) are the results of |ψ (0)〉 at t = 0. After a period of
free evolution at t11 = 32µs, the momentum distribution
without band mapping is invariant (Fig. 3(a3)), while the
proportion in different bands redistributes (Fig. 3(b3)).
Then imposing the OL on BECs for t12 = 24µs, the mo-
mentum distribution without band mapping shows four
peaks between −3~kL and 3~kL (Fig. 3(a4)). However,
the proportion in different bands is invariable for the
Bloch states being eigenstates of the Hamiltonian dur-
ing the period of the time for imposing OL.
Similarly, after l pulses, we have:
∣∣∣∣∣ψ
(
t =
l∑
i=1
(ti1 + ti2)
)〉
= (15)
1√
N
∑
q,ml+1
B (q, n0,ml+1, {t}) |~ (2ml+1kL + q)〉,
where {t} = t11, t12, · · · , tl1, tl2, and
B (q, n0,ml+1, {t}) = (16)∑
n1,··· ,nl
l∏
i=1
b (q, ni−1, ni, ti1) e−iEni,qti2/~cnl,q (ml+1),
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FIG. 4: Patterns from the experimental measurements (the
red circles) and the theoretical curves (the blue solid lines)
with the different design, respectively, (a) four main peaks
with pulse sequences t11, t12 as (32µs, 24µs) and (b) five main
peaks with (74µs, 47µs) between ±3~kL for OL depth V0 =
10Er. The color maps are the absorption images after a 25ms
TOF.
with
b (q, ni−1, ni, ti1) = (17)∑
m
cni−1,q (m) cni,q (m) e
−iE(m,q)ti1/~.
Therefore, the probability of momentum ~ (2ml+1kL + q)
after scattered by l pulses is given by
P (ml+1, q) = (18)
1
N
∣∣∣∣∣
∑
n1,··· ,nl
[
l∏
i=1
be−iEni,qti2/~
]
cnl,q (ml+1)
∣∣∣∣∣
2
.
IV. EXPERIMENTAL AND THEORETICAL
DEMONSTRATION FOR PATTERNS WITH
NARROWER INTERVAL
In Fig. 4, we give the different design for patterns of
multi modes with various numbers of peaks under OL
depth 10Er, where the color maps are the absorption im-
ages after the action of the pulse and the 25ms TOF. To
reduce the background noise, each result is the average
over three absorption images with the same conditions,
and the high frequency part of the images is removed.
The red circles are the results of the average values along
the y-axis among 40 pixels of the absorption images. The
blue solid lines are the numerical simulation, where we
have fitted the quasi-momenta distribution f (q) of the
initial superposed state from the experimental result as
shown in Fig. 1(b) with tOL = 30ms. In our measure-
ment, the final atoms consist of condensed atoms and
thermal atoms, while the thermal atoms without the
quantum coherence do not attend the interference effect.
Therefore, we have extracted the envelope of incoherent
atoms, and only condensed atoms are left. In Fig. 4(a),
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FIG. 5: Patterns for the experimental measurements (the red
circles) and the theoretical curves (the blue solid lines) with
(a) seven main peaks with (78µs, 20µs) and (b) ten main
peaks with (118µs, 19µs) between ±3~kL for OL depth V0 =
10Er. The color maps are the absorption images after a 25ms
TOF.
the pulse is given by (t11, t12) = (32, 24)µs, and the pat-
tern has four main peaks between ±3~kL with interval
about 1.5~kL. Fig. 4(b) gives the five main peaks with
interval about 1.25~kL.
Fig. 5(a) and (b) show the patterns at 10Er OL depth
with seven main peaks (0.87~kL interval) and ten main
peaks (0.6~kL interval), respectively. As the number of
peaks increases, the average number of condensed atoms
in each peak decreases, which results in that the influ-
ence of the background noise enhances, and the contrast
reduces. Therefore we have averaged over six absorption
images with the same conditions to get each experimen-
tal result, and removed the high frequency part of the
absorption images. Similarly, we have removed the ther-
mal atoms and remained the condensed part, in which
the quantum coherence is maintained.
As shown in Fig. 4 and Fig. 5, the agreement between
theoretical simulations and experimental results is good,
although the interatomic interaction is ignored, because
the action time of the pulse is short, and effect of the
interaction is very weak. The differences between the
theory and the experiment mainly come from the heat-
ing effect of BECs and the inevitable experimental noise
such as noise in intensity of the laser field and the in-
elastic scattering of photons. As the number of peaks
increases and the interval between the nearest neighbor
peaks decreases, the differences between the theory and
the experiment increase. By improving the stability of
the experimental system and getting colder atoms, there
will be better consistency between the experimental re-
sults and the numerical ones.
V. DISCUSSION AND CONCLUSION
We have shown the pattern of the superposed state
|ψ (0)〉 after scattered by a single standing wave pulse.
The larger the differences among the atomic numbers of
peaks are, the lower the contrast is. However, by increas-
ing the number of pulses, for the case of the same number
of peaks, atomic densities for different peaks tend to be
the same, which improves the contrast.
In sum, We developed a method of preparing the super-
position of Bloch states in S-band with quasi-momenta
spreading in FBZ, which is produced by the atomic oscil-
lations in D-band when BECs confined in the superposed
Bloch state of S and D bands of an OL at zero quasi-
momentum evolve for a long time in the lattice and a
harmonic trap. By acting the designed standing wave
OL pulse on the superposed state, we can obtain certain
patterns in the momentum space, with the intervals be-
tween the adjacent peaks far less than the double recoil
momentum, where the minimum one we have given is
0.6~kL. The narrow interval is the result of the inter-
ference among several lowest bands corresponding to a
single quasi-momentum under the action of the designed
pulse, and the superposition of interference results with
quasi-momenta over the FBZ. The experimental results
are in good agreement with the theoretical ones.
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